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Remainder Theorem Let f be a polynomial function. If f (x) is divided by x - e, then the re-
mainder is fee). -

_ Using the Remainder Theorem

Find the remainder if f (x) = x3 - 4x2 + 2x - 5 is divided by

(a) x - 3 (b) x + 2

So Iuti 0 n (a) We could use long division or synthetic division, but it is easier to use the
Remainder Theorem, which says that the remainder is f(3).

f(3) = (3? - 4(3)2 + 2(3) - 5 = 27 - 36 + 6 - 5 = -8
The remainder is -8.

(b) To find the remainder when f (x) is divided by x + 2 = x - (-2), we
evaluate f( -2).

f(-2) = (-2)3 - 4(-2? + 2(-2) - 5 = -8 - 16 - 4 - 5 = -33
The remainder is -33. -
An important and useful consequence of the Remainder Theorem is the

Factor Theorem.

Factor Theorem Let f be a polynomial function. Then x - e is a factor of f (x) if and
onlyiff(e) = O. -

The Factor Theorem actually consists of two separate statements:

1. Iff(e) = O,thenx - eisafactoroff(x).
2. Ifx - eis afactoroff(x), thenf(e) = O.

The proof requires two parts.

Proof

1. Suppose that f( e) = O.Then, by equation (3), we have

f(x) = (x - e)q(x)

for some polynomial q(x). That is, x - e is a factor of f(x).
2. Suppose that x - e is a factor of f (x). Then there is a polynomial func-
tion q such that---

f(x) = (x - e)q(x)

Replacing x bye, we find that

fee) = (e - e)q(e) = o· q(e) = 0

This completes the proof. -
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One use of the Factor Theorem is to determine whether a polynomial has
a particular factor.

_ Using the Factor Theorem

Use the Factor Theorem to determine whether the function f(x)
2x3 - X2 + 2x - 3 has the factor

(a) x-I (b) x + 3

Y1 (1)

Y1 ( -3)

Sol uti 0 n The Factor Theorem states that if / (c) = 0 then x - c is a factor.

(a) Because x-I is ofthe form x - c with c = 1,we find the value of j (L).

/(1) = 2(1)3 - (1? + 2(1) - 3 = 2 - 1 + 2 - 3 = 0
See also Figure 1. By the Factor Theorem, x-I is a factor of / (x).

(b) We first need to write x + 3 in the form x - c. Since x + 3 = x - (-3),
we find the value of / (-3). See Figure 1.Because / (-3) = -72 =1= 0,we
conclude from the Factor Theorem that x - (-3) = x + 3 is not a fac-
tor of/ex). _

In Example 2, we found that x-I was a factor of f. To write / in fac-
tored form, we can use long division or synthetic division. Using synthetic
division, we find that

Figure 1

Y1 = 2x3 - x2 + 2x - 3

e
-72

1)2 -1 2 -3
2 1 3

2 1 3 0

The quotient is q( x) = 2X2 + X + 3 with a remainder of 0, as expected. We
can write / in factored form as

/ (x) = 2x3 - X2 + 2x - 3 = (x - 1)(2X2 + X + 3).
NOW WORK PROBLEM 1.

THE NUMBER AND LOCATION OF REAL ZEROS
The next theorem concerns the number of real zeros that a polynomial func-
tion may have. In counting the zeros of a polynomial, we count each zero as
many times as its multiplicity.

Theorem Number of Real Zeros
A polynomial function cannot have more real zeros than its degree. -

Proof The proof is based on the Factor Theorem. If r is a zero of a poly-
nomial function [, then / (r) = 0 and, hence, x - r is a factor of t (x). Each
zero corresponds to a factor of degree 1. Because / cannot have more first-
degree factors than its degree, the result follows. _

2 Descartes' Rule of Signs provides information about the number and loca-
tion of the real zeros of a polynomial function written in standard form (de-
scending powers of x). It requires that we count the number of variations in
sign of the coefficients of / (x) and / (-x).
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Theorem

For example, the following polynomial function has two variations in the
signs of coefficients.

f(x) = -3x7 + 4X4+ 3x2 - 2x-1
= - 3x7 + OX6+ OX5 + 4X4 + OX3+ 3x2 - 2x - 1
~ <:»

- to + + to -

Notice that we ignored the zero coefficients in Ox6, Ox5 and Ox3 in counting
the number of variations in the sign of f(x). Replacing x by -x, we get

fe-x) = -3(_X)7 + 4(_X)4 + 3(_X)2 - 2(-x)-1
= 3x7 + 4X4 + 3x2 + 2x - 1

<:>
+ to-

which has one variation in sign.

Descartes' Rule of Signs

Let f denote a polynomial function.
The number of positive real zeros of f either equals the number of
variations in sign of the nonzero coefficients of f (x) or else equals
that number less an even integer.

The number of negative real zeros of f either equals the number
of variations in sign of the nonzero coefficients of f( -x) or else
equals that number less an even integer. -

We shall not prove Descartes' Rule of Signs. Let's see how it is used.

_ Using the Number of Real Zeros Theorem
and Descartes' Rule of Signs

Discuss the real zeros of f(x) = 3x6 - 4X4 + 3x3 + 2X2 - X - 3.

Sol uti 0 n Because the polynomial is of degree 6 by the Number of Real Zeros Theo-
rem, there are at most six real zeros. Since there are three variations in sign
of the nonzero coefficients of f( x), by Descartes' Rule of Signs we expect ei-
ther three (or one) positive real zeros. To continue, we look at f( -x):

f (-x) = 3x6 - 4X4 - 3x3 + 2x2 + X - 3

There are three variations in sign, so we expect either three (or one) nega-
tive real zeros. Equivalently, we now know that the graph of f has either
three (or one) positive x-intercepts and three (or one) negative x-intercepts.-

Figure 2

10

-21~~~--+---+---~12

-5

We see in Figure 2 that f has one negative zero near -1.3 and one pos-
itive zero near 1.The conclusions of Descartes' Rule of Signs are confirmed
by the graph.

NOW WORK PROBLEM 11.
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RATIONAL	ZEROS	THEOREM:		Used	to	find	the	potential	zeros	of	a	function	

	
USING	THE	RATIONAL	ZEROS	THEOREM	

A. 	

	
B. Find	the	Zeros	and	their	corresponding	Binomial	Factor		
1. There	are	at	most	three	real	zeros	(due	to	degree	3)	

2. By	Descartes	Rule,	 has	one	positive	real	zero.			

Since		 ,	there	is	at	most	2	(or	none)	negative	zeros.	
	

3. Per	the	Rational	Zeros	Theorem,	potential	rational	zeros,	 	
4. Find	one	zero	and	use	synthetic	division	to	find	the	other	zeros.	

F(1)	=	0,		F(6)	=	0,	F(-1/2)=	0	
5. Factor	and	Sketch	

6. 	
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RATIONAL ZEROS THEOREM
3 The next result, called the Rational Zeros Theorem, provides information

about the rational zeros of a polynomial with integer coefficients.

Theorem Rational Zeros Theorem

Let f be a polynomial function of degree 1 or higher of the form

where each coefficient is an integer. If p] q, in lowest terms, is a ratio-
nal zero of f, then p must be a factor of ao, and q must be a factor of an'-

_ listing Potential Rational Zeros

List the potential rational zeros of

f(x) = 2x3 + llx2 - 7x - 6

Sol uti 0 n Because f has integer coefficients, we may use the Rational Zeros Theorem.
First, we list all the integers p that are factors of ao = -6 and all the integers
q that are factors of a3 = 2.

p: ± 1,±2, ±3, ±6

q: ±1,±2

Now we form all possible ratios pf q.

p 1 3q: ±1, ±2, ±3, ±6, ±"2' ±"2

If f has a rational zero, it will be found in this list, which contains 12
possibilities. _

NOW WORK PROBLEM 23.

--

Be sure that you understand what the Rational Zeros Theorem says: For
a polynomial with integer coefficients, if there is a rational zero, it is one of
those listed. It may be the case that the function does not have any rational
zeros.

The Rational Zeros Theorem provides a list of potential rational zeros
of a function f. If we graph f, we can get a better sense of the location of the
x-intercepts and test to see if they are rational. We can also use the potential
rational zeros to select our initial viewing window to graph f and then adjust
the window based on the results. The graphs shown throughout the text will
be those obtained after setting the final viewing window.

-- Finding the Rational Zeros of a Polynomial Function

Continue working with Example 4 to find the rational zeros of

f(x) = 2x3 + llx2 - 7x - 6
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Figure 3

50 Iuti 0 n We gather all the information that we can about the zeros.

1. There are at most three real zeros.
2. By Descartes' Rule of Signs, there is one positive real zero. Also, because

f(-x) = -2x3 + llx2 + 7x - 6
there are two (or no) negative real zeros.

3. We list the potential rational zeros obtained in Example 4:

±1, ±2, ±3, ±6, ±~, ±~.

We could, of course, test each potential rational zero to see if the value
of f there is zero. This is not very efficient. The graph of f will tell us ap-
proximately where the real zeros are. So we only need to test those rational
zeros that are nearby. Figure 3 shows the graph of f.We see that f has three
zeros: one near -6, one between -1 and 0,and one near 1. From our origi-
nallist of potential rational zeros, we will test the following:

70

Near -6: test -6;
1

Between -1 and 0:test - 2'; Near 1: test 1

3 f(-6) = 0 f(l) = 0

-10 The three zeros of fare -6, - ~,and 1; each is a rational zero. -
We use the Factor Theorem to factor the function f given in Example 5.

Each zero gives rise to a factor, so x - (-6) = x + 6, x - (-1/2) =

x + 1/2, and x-I are factors of f. Since the leading coefficient of f is 2
and f is of degree 3, we have

f(x) = 2x3 + llx2 - 7x - 6 = 2(x + 6)(x + 1/2)(x - 1)

_ Finding the Real Zeros of a Polynomial Function

4 Find the real zeros of f( x) = 3x4 - 2x3 + 4X2 - 8x - 32.Factor f over the
real numbers.

50 Iuti 0 n We gather all the information that we can about the zeros.

1. There are at most four real zeros.
2. By Descartes' Rule of Signs, there are three (or one) positive real zeros.

Also, because

f(-x) = 3x4 + 2x3 + 4X2 + 8x - 32
there is one negative real zero.

3. To obtain the list of potential rational zeros, we write the factors p of
ao = -32 and the factors q of as = 3.

p: ±1,±2,±4,±8,±16,±32

q: ±1,±3

The potential rational zeros consist of all possible quotients p] q:

p
q

1 2 4 8 16 32
±1, ±2, ±4, ±8, ±16, ±32, ± 3' ± 3' ± 3' ± 3' ±3'± 3
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Figure 3
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Figure 3
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nallist of potential rational zeros, we will test the following:
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Near -6: test -6;
1

Between -1 and 0:test - 2'; Near 1: test 1

3 f(-6) = 0 f(l) = 0

-10 The three zeros of fare -6, - ~,and 1; each is a rational zero. -
We use the Factor Theorem to factor the function f given in Example 5.

Each zero gives rise to a factor, so x - (-6) = x + 6, x - (-1/2) =

x + 1/2, and x-I are factors of f. Since the leading coefficient of f is 2
and f is of degree 3, we have

f(x) = 2x3 + llx2 - 7x - 6 = 2(x + 6)(x + 1/2)(x - 1)

_ Finding the Real Zeros of a Polynomial Function

4 Find the real zeros of f( x) = 3x4 - 2x3 + 4X2 - 8x - 32.Factor f over the
real numbers.

50 Iuti 0 n We gather all the information that we can about the zeros.

1. There are at most four real zeros.
2. By Descartes' Rule of Signs, there are three (or one) positive real zeros.

Also, because

f(-x) = 3x4 + 2x3 + 4X2 + 8x - 32
there is one negative real zero.

3. To obtain the list of potential rational zeros, we write the factors p of
ao = -32 and the factors q of as = 3.

p: ±1,±2,±4,±8,±16,±32

q: ±1,±3

The potential rational zeros consist of all possible quotients p] q:

p
q
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We could, of course, test each potential rational zero to see if the value
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4 Find the real zeros of f( x) = 3x4 - 2x3 + 4X2 - 8x - 32.Factor f over the
real numbers.

50 Iuti 0 n We gather all the information that we can about the zeros.

1. There are at most four real zeros.
2. By Descartes' Rule of Signs, there are three (or one) positive real zeros.

Also, because

f(-x) = 3x4 + 2x3 + 4X2 + 8x - 32
there is one negative real zero.

3. To obtain the list of potential rational zeros, we write the factors p of
ao = -32 and the factors q of as = 3.
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p
q

1 2 4 8 16 32
±1, ±2, ±4, ±8, ±16, ±32, ± 3' ± 3' ± 3' ± 3' ±3'± 3



	
	
	
	
	

SECTION 4.1 The Real Zeros of a Polynomial Function 245

Figure 4

-10 !
\ J

10

Figure 4 shows the graph of f. The graph has the characteristics that we
expect of the given polynomial of degree 4: no more than three turning points,
y-intercept -32, and behaves like y = 3x4 for large [x].The information found
in parts 1 and 2 is also confirmed by the graph. The two real zeros consist of
one negative real zero, located between -2 and -1, and one positive real
zero, near 2.

Since 2 appears to be a zero and 2 is a potential rational zero, we evalu-
ate fat 2 and find that f(2) = O.We use synthetic division to factor f.

100

-50 2)3 -2 4 -8 -32
6 8 24 32

3 4 12 16 0

We now have

f(x) = 3x4 - 2x3 + 4X2 - 8x - 32 = (x - 2)(3x3 + 4X2 + 12x + 16)
Any solution of the equation 3x3 + 4X2 + 12x + 16 = 0 is a zero of f.

Because of this, we call the equation 3x3 + 4X2 + 12x + 16 = 0 a depressed
equation of f. Since the degree of the depressed equation is less than that of
the original function, we work with the depressed equation to find the re-
maining zeros of f.

We check the potential rational zero -4/3 and find that f(-4/3) = O.
Using synthetic division,

-4/3)3 4
-4

12 16
o -16

3 0 12 0

We now have

f(x) = (x - 2)( x + ~)(3X2 + 12) = 3(x - 2)( x + ~)(X2 + 4)

The depressed equation X2 + 4 = 0 is a quadratic equation that has no real
solutions. The real zeros of fare -4/3 and 2. The factored form of f is

f(x) = 3(x - 2)( x + ~)(X2 + 4) -
NOW WORK PROBLEM 41.

_ Solving a Polynomial Equation

5 Solve the equation 3x4 - 2x3 + 4X2 - 8x - 32 = O.

Sol uti 0n The solutions of this equation are the zeros of the polynomial function

f(x) = 3x4 - 2x3 + 4X2 - 8x - 32

Using the result of Example 6, the real zeros of fare -4/3 and 2.These
are the real solutions of the equation 3x4 - 2x3 + 4X2 - 8x - 32 = O. _

NOW WORK PROBLEM 65.

In Example 6, the quadratic factor X2 + 4 that appears in the factored
form off(x) is called irreducible, because the polynomial X2 + 4 cannot be
factored over the real numbers. In general, we say that a quadratic factor


